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I Introduction
Hedge funds are private investments vehicles limited to wealthy individuals or institutional investors. Their managers often invest a significant part of their own money in the fund(s) they run and charge a fee based on performance. They are free to employ a broad range of strategies, including the use of derivatives, short selling and leverage, in order to better cope with market downturns and to magnify returns. They have gain considerable interest in the 90's and are estimated to be a $400 billion industry nowadays.
Unlike hedge funds, fund of hedge funds managers do not make direct investments. They pool capital from investors and allocate it to several hedge fund managers. This approach allows fund of hedge funds' investors to diversify across instruments, strategies and markets, without incurring the high administrative and research costs that would result if they would invest in the funds individually. The fund of hedge fund managers can reduce risk by achieving style, sector and geographical location diversifications. They also lessen the individual manager survival uncertainty. The survival uncertainty is the risk that hedge fund managers may experience when facing distressing situations that compel them to stop their activity. The consequences for investors are generally harmful, since the poor or negative performance of such funds affects their portfolio returns.
Different authors have recognized the issue of survival uncertainty and computed the attrition rate and the survivorship bias in the hedge funds' industry. The attrition rate is defined as the percentage of funds which disappear in a given period (generally 1 year). It is documented in Brown, Goetzmann and Ibbotson (1999) that about 20% of the offshore funds disappear each year during the period 1989-1995. The same drop out rate is found by Fung and Hsieh (1997) for Commodity Trading Advisors (CTA) from 1994 to 1997, while Brown, Goetzmann and Park (1997) discovered an attrition rate of 15% in the hedge funds' industry during the period [1993] [1994] [1995] [1996] . The survivorship bias is defined as the difference in returns between a portfolio that contains defunct funds from one that does not. It has been shown that hedge funds ex post performance is overestimated in case one does not take into account funds that have disappeared. The survivorship bias for hedge funds is estimated around 3.0% per year over periods running from 1989 and 1994 to 1998 by Brown, Goetzmann and Ibbotson (1999 and Fung and Hsieh (2000) respectively. From our point of view, this ex-post calculation of the survivorship bias usually does not inform the investor correctly about the survival uncertainty he is incurring when investing in hedge funds, as will be discussed in Section VII.
The impact of asset allocation on portfolio returns, compared with asset selection, should not be underestimated. Indeed, it has been shown by Ibbotson and Kaplan (2000) that about 40% of the return difference amongst mutual and pension funds is explained by asset allocation differences. Due to their decisive role in return variations, numerous asset allocation models have been investigated. To compute the optimal proportions of assets, the investor generally solves an optimization problem which consists in maximizing an objective function. Usually, his objective function is either a tradeoff between the perceived risk of the investment and its expected reward or an expected utility function.
Expected utility theory is a descriptive model of decision making under uncertainty. It was first suggested by Von Neumann and Morgenstern (1947) to rate gambles under uncertainty outcomes. The authors have shown that if a decision maker accepts a set of reasonable assumptions concerning rational choice, then he should compare alternatives by the use of an expected utility calculation. Though criticized and challenged for over half a century (see Allais (1979) and Kahneman and Tversky (1979) for some examples), and even though sophisticated theories of decision making under uncertainty have been developed to explain empirical and systematic violations of the expected utility maximization (see Shefrin and Statman (2000) and Yaari (1987) ), their theory still remains the benchmark economic approach to rational decision making problems. However, it should be noted that expected utility theory does not explicitly provide a role to the concepts of risk and expected return.
In comparison, the traditional mean-variance analysis, originally proposed by Markowitz (1952) , assumes that the risk can be measured by a single number: the variance of the portfolio returns. In this case, the objective function of the investor is a function of the expected return and the variance of the portfolio only. It is well known that optimal portfolio choices resulting from the mean-variance selection criterion only hold under very restrictive assumptions on agents' utility functions or on asset returns' distributions. Regarding agents' preferences, we know that, in the static portfolio choice problem, only a quadratic utility can be used without further restrictions on the return distributions. Alternatively, we can apply the static oneperiod portfolio selection model irrespective of agents' preferences, if the asset return distributions belong to the elliptic family.
Numerous theoretical and empirical studies have questioned the validity of the former hypothesis in light of the complexity characterizing agents' preferences in a static framework. For instance, quadratic utility leads to increasing absolute risk aversion and is therefore inconsistent with the investor's preference for positive skewness. The second assumption about asset returns is also disputed by recent empirical evidence showing that asset returns display fat tails and asymmetric responses to the channeling of good and bad news (see McQueen, Pinegar and Thorley (1996) ). This seems to be particularly true for hedge funds due to their extensive use of option-based and dynamic trading strategies (see Fung and Hsieh (1997) , Fung and Hsieh (2001) , Agarwal and Naik (2001) ).
In light of these findings, expected utility is the framework retained to cast our optimization problem, that is to solve for the one-period hedge funds optimal allocation problem in discrete time. We propose a framework that allows one to integrate the risk associated with the hedge fund's survival uncertainty, when choosing the optimal portfolio weights. Our first contribution to the literature is to compute the hedge funds survival probabilities in Section IV and to incorporate, in Section V, the hedge funds' survival uncertainty into an expected utility model. Each hedge fund has two distinct survival states: either it survives or it disappears during the next month. The combinatory over all the possible survival states serves as an additional expectation in the calculation of the expected utility. The weight of each configuration is equal to the product of the individual probabilities to disappear or to survive, since we assume that the survival probabilities are independent from each other.
As a second contribution, we have designed a specific genetic algorithm to solve the constrained optimization problem that characterizes many hedge funds investors. It allows us to handle a set of non-linear constraints, to deal with a fairly large number of funds and to find an optimal solution in a non connected space of solutions. Indeed, it should be emphasized that hedge funds portfolio allocation problems also necessitate the consideration of several constraints. They can be prescribed by investors, by the fund of funds policy or by regulators. The minimal constraints that apply to hedge funds portfolios are the so-called budget and short selling constraints. In this study, we decide to tighten the space of solutions by imposing additional, yet realistic conditions. In a first step, lower and upper limits are set on the proportions of the portfolio held in a single hedge fund. It is bounded from above to meet regulatory investment requirements (for pension funds and institutional investors) and to increase the potential of diversification. It is bounded from below to meet a minimum capital investment requirement 1 . To solve for the optimal portfolio allocation problem in the framework described above is a rather complex task. Indeed, the set of constraints is non-linear and the objective function is not convex. The most naïve technique for solving such problems involves generating and evaluating random solutions, and then selecting the best of them. For the best solution to be close enough to the optimum, this technique obviously requires the generation of a large number of candidates. It is thus computationally very intensive and rarely used in practice. More efficient stochastic methods, such as genetic algorithms, have been designed to direct the search in the space of solutions and gain considerable time by converging rapidly to a near optimal solution. Genetic algorithms are a type of stochastic search methods based on the mechanisms of natural evolution. They are different from traditional optimization and search procedures, namely: i) they search from a population of points, instead of a single one, ii) they only use the objective function information, not derivatives or auxiliary knowledge, iii) they use probabilistic rules, instead of deterministic ones. They have proven to be useful and efficient in numerous engineering applications, in particular for NP-complete 2 optimization problems like the one we are investigating. Our third contribution is to analyze the impact of the survival uncertainty and of the investments constraints on the allocation and on the certainty equivalent of optimal hedge funds portfolios. We demonstrate in particular that the optimal certainty equivalent decreases when the survival uncertainty is incorporated into the expected utility model. In our simulations, we observe that the optimal allocation is significantly affected by the hedge funds' survival uncertainty. Furthermore, we show that proper diversification, through the application of tight constraints, coupled with the introduction of the survival probabilities in the optimization problem can offer an interesting complement to the due diligence process in the absence of any a priori skills in detecting poor performing managed hedge funds.
The structure of the paper is the following. The review of the literature and the data description are to be found in Section II and III respectively. The calculation of the hedge funds survival probability is outlined in Section IV. In Section V, we present the one-period multi-risk model developed to take into account both the random nature of the hedge funds returns and the survival uncertainty affecting the hedge funds. Section VI provides an overview of a generic genetic algorithm. It is intended for readers that are not familiar with this optimization technique. The genetic operators are fully described in Appendix X.C. The empirical results are shown and discussed in Section VII. In Section VIII, we provide directions by which the present investigations could be extended, while Section IX summarizes the paper.
II Survey of the literature
The survey of the literature consists of two main parts. We first review studies focusing on the attrition rate, the survivorship bias and the determinants of the hedge funds survival probability. We next discuss different studies that determine the mean-variance efficient frontier using genetic stochastic algorithms.
A typical feature of hedge funds managers is their propensity to stop their activity due to distressed situations (strong negative performance during a few months for instance). As mentioned in the Introduction, Brown, Goetzmann and Ibbotson (1999) and Fung and Hsieh (2000) have computed both the attrition rate and the survivorship bias in the hedge funds' industry. They find that between 15% and 20% of the funds disappear each year and that the annual performance of surviving funds is overestimated by about 3% during the periods 1989-1995 and 1994-1998 respectively. Further, it has been shown in Barès, Gibson and Gyger (2001) that the determinants of the hedge funds survival probability are the size of the assets under management, the style consistency of the managers and their market exposure. The managers who are the most flexible with respect to their style, the funds with the largest assets under management and the ones that have the lowest beta with respect to the market portfolio returns, have indeed the highest probability to survive.
The introduction of various constraints, prescribed by investors or by regulators as well as the introduction of specific risk measures can lead to complex portfolio optimization problems. Usually, they cannot be solved analytically and standard quadratic optimization techniques cannot be applied because the shape of the objective function is non-convex. Numerous deterministic (exact or approximate) numerical algorithms have already been proposed. It is only recently that portfolio optimization problems have been handled by stochastic genetic algorithms (see Chang, Meade, Beasley and Sharaiha (2000) , Keber (1999) , Loraschi, Tettamanzi, Tomassini and Verda (1995) , Xia, Liu, Wang and Lai (2000) ). Genetic algorithms stand out against deterministic optimization procedures because on one hand, they search from a population of points and on the other hand, auxiliary knowledge such as the derivatives of the objective function is not necessary. The above mentioned authors compute the efficient frontier associated with the traditional mean-variance portfolio optimization problem and show that genetic algorithms provide very precise solutions and are efficient when the number of assets is large. In particular, Chang, Meade, Beasley and Sharaiha (2000) illustrate the discontinuity of the efficient frontier when either limits are imposed on the proportion of the portfolio held in a given asset or when the number of assets with non-trivial proportions is pre-specified.
More instructive are the methods those authors use to handle the constraints. Three different techniques are commonly used. The first one consists in adding a penalty function to the objective when a potential candidate violates the constraints 6 in order to lower its probability of entering the next generation. The constrained problem is thus transformed into an unconstrained one. Though this approach is employed by Keber (1999) when dealing with the budget constraint and with discrete proportions, its major drawback is that the probability of generating a feasible solution may be relatively small 3 , hence the algorithm spends a large amount of time evaluating illegal candidates. A second method is based on the implementation of repair procedures to correct any illegal solution. For instance, Xia, Liu, Wang and Lai (2000) simply transform the assets' proportions w i into w i = w i / i w i to meet the budget (and short selling) constraints. When lower l and upper u limits [l, u] ⊂ [0, 1] are set on the assets' proportions, an iterative procedure must be applied to correct infeasible solutions, such as in Chang, Meade, Beasley and Sharaiha (2000) . Not only are those additional procedures time consuming but they also modify each asset proportion w i . The potential solution is therefore globally altered, which is incompatible with the local perturbation nature of the mutation operators. The last method requires first an initialization procedure which guarantees the generation of candidates that belong to the space of solutions, and second the use of specific genetic operators which preserve the feasibility of the solutions. With this methodology, each candidate, from the initialization process to the tournament selection procedure, and passing through genetic operators, is a potential solution of the optimization problem. We concentrate on this promising approach to design a specific genetic algorithm that solves for the optimal hedge funds asset allocation weights in the presence of survival risk.
III Data
We rely on Financial Risk Management's hedge fund database which, at the end of April 1999, contained data on 2992 funds, managed by more than 1500 managers. Financial Risk Management (FRM) is an independent research-based investment services company, specializing in constructing portfolios of hedge funds to achieve absolute return investment objectives. FRM has developed proprietary databases, processes and systems for fund identification and evaluation, for portfolio construction, and for monitoring funds and portfolios. Comprehensive information for each manager, including detailed strategy descriptions and historical performance is stored in the database. The vast majority of the information is obtained directly from the funds or their administrators. Similarly to other hedge funds data collectors, FRM has recognized the importance of collecting and has kept record of defunct funds since 1994. The numerous biases that can be found in hedge funds databases have been discussed extensively in Fung and Hsieh (2000) , for example.
Hedge fund managers employ a wide variety of methods for generating returns. The style describes the methodology that managers follow when creating and managing their portfolios. FRM uses six distinct style's designations, namely: Trading (468), Long and Short Market Hedged (660), Event Driven (273), Relative Value (377), Market Directional (331) and . In brackets the number of hedge funds (for a total of 2308), following a specific strategy, reporting on a monthly basis with at least 1 net monthly return observation. Each of them represents a common investment style, that usually encloses lower level style charac-7
teristics. For instance, Trading contains the Discretionary, Systematic and Tactical Allocation subcategories. Managers are reporting their monthly performance on a fund-by-fund basis in a net return form. The net return of a fund over a period is defined as the change in the fund's net asset value over that period, as a percentage of the starting value of the fund, adjusted for subscription and redemption, after periodic fees have been charged. Hedge funds managers are only rewarded for performance. They usually charge two kind of fees: a management fee and an incentive fee. The management fee is based on a percentage of the size of assets under management (between 1% and 2% each year). The incentive fee gives the hedge fund manager a percentage of the profits earned by his fund. The use of a high water mark requires a manager to perform above the highest previous level before earning additional incentive fees. The assets under management for a fund are defined as the net assets managed by the fund manager and invested in the specified fund. Until April 1999, 1681 funds have reported their assets under management and totalized more than $190 billions. We present in Table 1 the number of funds, their assets under management, the management and incentive fees as well as a summary of each main strategy's net monthly returns statistics.
In this study, we consider two sub-periods. The first one extends from May 1994 to April 1998 and will be used for in-sample calculations of the optimal portfolio weights. The second one extends from May 1998 to April 1999 and will be used for out-of-sample analysis of the hedge funds portfolios' performance. In April 1998, the universe of hedge funds considered consists of funds that are alive in April 1998, that have at least 50$ millions of assets under management and a past performance track record of at least 48 months, for statistical reasons. A set of 235 hedge funds satisfies those criteria, from which 20 disappear during the next year (from May 1998 to April 1999) due to poor performance 4 . In order to limit the number of funds that may enter the fund of funds portfolios, we construct two different sub-samples consisting of 60 hedge funds each. Our sample selection procedures are merely illustrative and would in practice be substituted by the due diligence process of the fund of hedge fund managers when he creates his fund of funds portfolio 5 . We use two simple and naïve procedures to select two hedge funds sub-samples. The first one is designed to prevent any selection biases in the sample and consists of 60 hedge funds drawn randomly from the set of hedge funds mentioned above. The second one serves the purpose of illustrating how one might select hedge funds based on their historical performance. For that purpose, we rank the funds according to their Sharpe ratio and then pick the 60 funds with the highest ranking.
As mentioned previously, those two examples are far from reflecting the actual due diligence of a hedge funds portfolio manager and shall therefore be considered as pure illustrations. Note that we are also fully aware of the Sharpe ratio's limitations as a relative performance measure in the context of non normally distributed hedge funds' returns. We do not advocate its adequacy nor imply that it should act as a substitute for a thorough due diligence process. The Sharpe ratio is computed during the period May 1994 to April 1998 assuming a risk-free rate of 5% p.a. Four non-directional (or slightly directional) strategies: Trading, Long and Short Market Hedged , Event Driven and Relative Value are equally represented with 15 hedge funds in each sub-sample.
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The hedge funds net monthly returns statistics of the randomly selected sample are displayed in Table 2 . We test the normality of the returns using a KolmogorovSmirnov test. The null hypothesis (the returns are normally distributed) is rejected in 19, 13 and 7 cases (out of 60) at 90%, 95% and 99% confidence level respectively. Consequently, about two third of the selected hedge funds (41 out of 60) are normally distributed 6 . However, in 19 cases out of 60 the null hypothesis must be rejected. We thus observe that a joint normally distributed returns' assumption is not corroborated by the data and that mean-variance analysis might lead to nonreliable results. The hedge funds net monthly returns statistics of the second sample in Table 3 . In that sample, the null hypothesis is rejected in 18 cases out of 60.
IV Survival probability calculation
In order to integrate the risk associated with the survival uncertainty into the expected utility model, presented in Section V, one needs to compute the hedge funds survival probabilities. In that respect, we decide to condition the survival probability of the funds based on a few determinants in order to discriminate between funds that have different probabilities to disappear. Based on a previous study (see Barès, Gibson and Gyger (2001) ), we consider three determinants: the size of the assets under management, the style consistency of the manager and the exposure (or beta) of the fund with respect to a broad market index (the Russel 2000 Index). The style consistency is measured by the appraisal ratio, that is the mean time consistency divided by its standard deviation (as computed in Barès, Gibson and Gyger (2001) ). The exposure to the market index is equal to the factor loading or beta of the hedge funds with respect to the Russel 2000 Index during their last 12 months of activity. The assets under management for a fund are defined as the net assets managed by the fund manager and invested in the specified fund.
The procedure to compute the survival probabilities is the following. We first select all hedge funds that are alive or dead, that have at least a 36 months performance track record 7 and that are running one of the four major strategies mentioned in Section III (745 hedge funds). They are classified in eight different groups depending on whether they are above or under the median of the three determinants (two groups for each determinant). It must be emphasized that we do not only consider funds that have been recorded in the database until April 1998 (end of the in-sample period), but extend the selection until April 1999 (end of the out-of-sample period). It allows us to benefit from a larger set of disappearing funds. The survival probabilities shall therefore be considered as exogenous variables in the out-of-sample asset allocation procedure performance analysis.
The conditional survival probability is defined as the probability that a fund disappears in the next month given that it belongs to one of those eight groups. We next fit a "loglogistic" survival model for each group and estimate the parameters of the model (see Appendix X.A for a detailed description of the "loglogistic" model). Note that we can reject at a 99% confidence level the null hypothesis: the conditional survival probabilities are identical in each of the eight groups. The estimators of the "loglogistic" model are presented in Table 4 . Finally, we compute the conditional survival probability of each hedge fund in our two sub-samples, depending on its 9 age and on the group its belongs to, using Eq. (4) of Appendix X.A. We denote by γ m the hedge fund's conditional probability to disappear in the next month and by γ a = 1 − [1 − γ m ] 11 its annualized probability to disappear. The conditional survival probabilities of the 60 randomly selected hedge funds are presented in the last 5 columns of Table 2 . As an illustration, one sees in Table 2 , that the first randomly selected hedge fund (id = 1) has a large size of assets under management (1), a small style consistency (0) and a small beta with respect to the Russel 2000 Index (0). In that case, Table 4 says that the location and scale parameters of the model are respectively equal to 5.48 and 0.534. Further, at the end of April 1998, the fund had been living for 100 months. By introducing the age of the fund and the two above parameters into Eq. (4), we obtain the monthly conditional survival probability of this fund. It is equal to 0.30% in April 1998. The statistics of the monthly conditional probability to disappear for the random sample of funds is the following. The minimum and maximum probabilities (γ m =0.19% and 0.80%) are obtained for funds that have a small consistency and a small exposure to the market, respectively a large consistency and a large exposure to the market. The mean and the standard deviation are equal to 0.49% and 0.19%. Using the formula above, one finds that the annualized mean conditional probability to disappear is equal to 5.29%. The last 6 columns of Table 3 contain similar information for the sample of hedge funds selected with the Sharpe ratio criterion.
V The one-period portfolio optimization model under multiple sources of risk
In this section, we integrate the survival uncertainty observed in the hedge funds' industry into an expected utility model. To derive the expected utility of the agent, we shall make the following assumptions. The market is assumed to be perfect. No a prior hypothesis beyond stationarity is made on the functional form of the hedge funds returns. We choose to estimate the joint probability distribution from the hedge funds' past realized returns. Third, we assume that the survival probabilities of the funds are independent from each other. We also suppose that for each fund, the survival probability is independent of the manager returns. This last hypothesis is more questionable. It is indeed discussed in Brown, Goetzmann and Park (2001) that negative returns over one year or two years horizons increase the likelihood of the hedge fund termination. Notice that the last two assumptions can be relaxed to allow for a more precise description of the possible dependence between the survival uncertainties and the intrinsic risk characterizing the managed funds' returns distribution, as will be discussed in Section VIII. The preference of the investor is modeled with the class of isoelastic functions:
The individual's relative risk aversion, independently introduced by Arrow (1965) and Pratt (1964) , is equal to
= θ. The isoelastic utility function family is widely used in financial modeling due to its numerous appealing properties.
First, it is very flexible for modeling the investor's preference, since it incorporates the full range of risk attitudes from zero θ = 0 to infinity θ → ∞. Second, the optimal investment plan of an investor who has an isoelastic utility function does not depend on the amount of money W 0 that he invests. Thus, the investor can determine his preference by only considering the rates of return. Third, the (θ = 1) logarithmic 8 utility function is a growth-optimal investment strategy (see Hakansson and Ziemba (1995) and Huberman and Ross (1983) for instance). Finally, isoelastic functions enables the decision maker to give an explicit role to the concepts of risk and value in an expected utility framework, as shown by Dyer and Jia (1997) , for example.
Consider n risky assets whose one period returns (monthly in the case of hedge funds) we denote by r 1 , . . . , r n . A portfolio is specified by the proportions w 1 , . . . , w n of its constituent assets. Each hedge fund has a probability p(s i ), s i ∈ {0, 1} to vanish or to survive during the next period (for probability conservation p(0)+p(1) = 1). The wealth at the end of the period is given by 1] . In this setting, either the manager survives the next period and he fully contributes to the overall performance of the portfolio (a i = 1, s i = 1) or he disappears and the portfolio suffers a loss (a i < 1, s i = 0). The coefficient a i is defined as the recovery rate of hedge fund i in the case that it disappears from the portfolio.
The assumption on the survival uncertainties' independence allows us to write the factored expected utility model: (1) where f (r 1 , . . . , r n ) denotes the joint probability distribution of the returns and {s i } = s 1 · · · sn represents the combinatory over all the survival states s i ∈ {0, 1}, i = 1, . . . , n. In this setting, both the risk due to the hedge funds returns dynamics and the risk due to the survival uncertainty enter into the expected utility calculation.
The certainty equivalent C is the amount of money such that the investor is indifferent between having this amount of money for certain or the portfolio with random variable outcome W . It satisfies the equalities:
With isoelastic functions, it is clear that the certainty equivalent is equal to:
We will denote C * the optimal certainty equivalent (with D the space of solutions):
Maximizing the expected utility function is equivalent to maximizing C, from an allocation point of view, since the utility function u θ is strictly monotone. Thecertainty equivalent in Eq. (2) is the function we will optimize to solve for the optimal portfolio allocation problem. The existence of an optimal solution is ensured by the compactness of the space of solutions. The optimal solution is unique only if, for any hedge fund i, there is no linear combination of the other hedge funds which can replicate its return pattern r i (t).
In the following, we compare the certainty equivalents associated with two asset allocation models. In the first one, the survival uncertainty is omitted and in the second one, the survival probabilities are included. We index them by the numbers 1 and 2 respectively. Proposition 1. The optimal certainty equivalent is larger in model 1 than in model 2:
Proof. We decompose the proof into three stages. In a first step, we show that the expected utility of model 2 is smaller than the expected utility of model 1 (for a similar vector of weights w):
The second line results from the Jensen's inequality applied to the concave function u θ (x). The second inequality stems from the fact that the function u θ is increasing and that
The last equation results from
In a second step, we demonstrate that the optimal expected utility of model 1 is bigger than that of model 2. For that purpose, assume that the vectors of proportions w * 1 and w * 2 are maximizing the respective expected utilities 1 and 2:
The result in Eq.(3) clearly leads to:
Consequently, the maximized expected utility is bigger in model 1 than in model 2:
. Finally, we use the fact that u −1 θ (x) is an increasing function of x to write:
The optimal certainty equivalent is thus larger in model 1 than in model 2, which means that the inclusion of the survival uncertainty lessens the certainty equivalent, for a specific degree of risk aversion θ. This result is intuitive since the survival uncertainty is an additional source of risk. We will empirically examine in Section VII whether the introduction of the survival risk significantly modifies the optimal portfolio weights.
We also demonstrate in Appendix X.B, that the optimal certainty equivalent is a decreasing function of the risk aversion coefficient θ and an increasing function of each component of the recovery rate a.
VI A Genetic algorithm overview
In the next section, we present the genetic algorithm designed to solve for the optimal portfolio allocation problem through the optimization of the certainty equivalent function in Eq.(2). First, we outline the different components of a genetic algorithm and the function they play. We also translate the notations and the terms used in genetics into a financial context.
VI.A Description
Genetic algorithms are based on the principle of evolution, including reproduction, mutation and natural selection. A population of chromosomes, where each chromosome is a coding sequence which represents a potential solution of the problem, undergoes a random sequence of genetic transformations: mutations and crossovers. In our case, a chromosome is a vector of the proportions of hedge funds held in the portfolio, i.e., it is a potential solution of the portfolio allocation problem. The genetic transformations are responsible for the phase-space exploration and the exploitation of the potentially interesting solutions. The mutation operators play an important role in the early phases of the evolution process as the solutions are allowed to move "freely" within the search space. The crossovers combine the features of two parent chromosomes to form two offsprings by exchanging some of their coding sequences. From a general point of view, the mutation operators act as local perturbations and the intuition behind crossovers is the exchange of information between different potential solutions. In addition, the chromosomes compete to survive by means of a selection scheme, biased toward the fittest chromosome: on average, the next generation consists of fitter potential solutions. It must be noted that genetic algorithms are stochastic because they do not obey deterministic rules: i) mutations and crossovers alter randomly the potential solutions, ii) they are applied with a specific probability and iii) the selection scheme selects randomly the two chromosomes that compete before one of them enters the next population. After some number of generations, the algorithm is expected to converge, where the best chromosome represents a reasonable optimal solution 9 . The different components of a general genetic algorithm are presented in Figure 1 . For a detailed discussion on genetic operators and on convergence, see Goldberg (1989) and Michalewicz (1996) for instance. Figure 1 : A genetic algorithm outline: first the population of chromosomes is initiated. Second, the chromosomes undergo genetic transformations and third, a selection scheme selects the fittest chromosomes. This evolution procedure is repeated until convergence .
VI.B Notation and constraints
In this section, we define the notation and terminology used in the sequel and in particular in Appendix X.C, where the genetic operators are fully described. Let size be the number of chromosomes that form the population. Each chromosome i = 1, . . . , size is represented by a vector w i which consists of n genes. The real value w ij , i = 1, . . . , size, j = 1, · · · , n is called allele in the genetic terminology. Each chromosome is therefore coded as a sequence of n alleles or real numbers. As will be seen in Appendix X.C, this representation is practical to implement specific genetic operators which do not alter the feasibility of the potential solutions 10 . In our financial context, we recall that each chromosome w i is actually defined as a potential solution of the portfolio allocation problem, where each component w ij represents the proportion of wealth allocated to the jth hedge fund in the ith potential solution.
The algorithm is tailored to handle simultaneously three types of constraints:
1. budget:
The first condition is a normalization constraint which ensures that the proportions w ij add to one. In this study, we build pure hedge funds portfolios. However, the inclusion of a risk-free asset is discussed in Section VIII. The second and third constraints generate a space of solutions, denoted by D in the following, which is not connected. For that reason, this optimization problem belongs to the class of NP-complete problems and cannot be handled via traditional search procedures. For technical convenience, we assume that the interval [l j , u j ] = [l, u] is the same for each fund. We impose a lower limit l on the proportion of the portfolio to be held in a single hedge fund in order to meet a minimum capital investment requirement. Both the upper limit u and the bound n min set on the minimal number 14 of funds with non trivial proportion serve the purpose to enhance the potential of diversification and to meet regulatory investment requirements (for pension funds and institutional investors). The manager also fixes the maximal number of hedge funds n max that he wishes to closely monitor and on which he can exercise a thorough due diligence process. With this notation, m i is the number of funds with non trivial proportions held in the portfolio. Clearly, for the second and third constraints to be coherent, the minimal and maximal number of funds must satisfy:
The algorithm is flexible enough to treat the number of hedge funds with non trivial proportions as an optimization variable. In this setting, the manager first selects a number n of hedge funds that might satisfy his investment objectives. He might for example choose to invest in hedge funds with a suitable performance track record, proper investment style and/or appropriate size of assets under management. In a second step, the manager fixes the maximal number of hedge funds n max < n he is able to follow and closely monitor, as well as the minimal number of funds he wants to hold, for diversification purposes. The algorithm then selects in a single step the optimal number of funds and the appropriate hedge funds amongst a prespecified sample and finally computes the optimal proportions to be held in each hedge fund within specific limits. In comparison, it is common practice amongst portfolio managers to proceed in two distinct steps. First, they plan their investment objectives and select the funds that are believed to best satisfy their investment goals. Second, the wealth is optimally allocated amongst the previously selected hedge funds.
VII Empirical results
In this section, we apply the genetic algorithm to illustrative hedge funds optimal allocation problems. Our objective is to analyze the impact of the survival uncertainty, of the investments constraints and of the investor's risk aversion on his optimal allocation and on the certainty equivalent of his hedge funds' portfolio.
VII.A Methodological considerations
We build two sub-samples of n = 60 hedge funds each. Note that this number of funds enables us to build portfolios that contain a reasonable number of funds and leads to moderate computational time. At this stage of the procedure, it shall however be emphasized that one can build sub-samples with n arbitrarily large (in practice limited by computational considerations). Nonetheless, we restrict the maximal number of hedge funds n max that are selected from the sub-sample, in order to prevent any collinearity in the returns. The first sample is drawn randomly and the other one consists of hedge funds with the highest Sharpe ratio. The first selection procedure shall avoid any selection biases in the sample, while the second naïvely mimics the past performance selection criterion of a typical fund of funds manager. As mentioned in Section III, those two selection procedures are simple and must be considered as illustrative examples.
Each of the four major strategies, namely: Tactical Trading (T.T), Long and Short Market Hedged (L.S.), Event Driven (E.D.) and Relative Value (R.V.) are equally represented in the samples (15 funds each). The hedge funds have a performance track record of at least 48 months and 50$ million of assets under management. The Sharpe ratio is computed from May 1994 to April 1998 (assuming a risk-free rate of 5% p.a.). The joint probability distribution of the returns is naïvely estimated from the past realized returns. Each joint realization from May 1994 to April 1998 is given a probability 1/48 of occurring within the next month. Since the entire joint distribution is specified and used, there is no information loss; all moments and correlations are implicitly taken into account. Though it has been shown by Jorion (1986) for instance, that this method is not the most appropriate one to forecast future returns (compared with Bayesian estimators), it is suitable for our main objective which consists in analyzing the impact of the degree of risk aversion, of the survival uncertainty and of the investment constraints on the optimal allocation of hedge funds' portfolios.
In order to integrate the risk associated with the survival uncertainty into the expected utility model presented in Section V, we need to compute the hedge funds survival probabilities. The procedure used to compute the monthly conditional survival probabilities is fully described in Section IV. We recall that the net monthly returns statistics of the 60 hedge funds drawn randomly (with the Sharpe ratio criterion) and their conditional survival probabilities are displayed in Table 2 (3) .
In order to compute the optimal certainty equivalent in Eq. (2), one would ideally need to compute the expectation over all configurations of the survival variables s i ∈ {0, 1}, i = 1, . . . , n in Eq. (1) . The total number of configurations is equal to 2 n and might be very large. Since each potential solution must be evaluated at the end of each generation, the complete calculation might be very tedious and time consuming. This is the reason why, in the following, we will use approximations to simplify the calculation. We distinguish between three different cases: zero, up to a single or up to two hedge funds are allowed to disappear simultaneously from the portfolio during the next month. Those are sub-samples of the complete combinatory exhibited in Eq. (1) where up to n hedge funds can disappear simultaneously. Those approximations will be labeled respectively zero, first and second order approximations. The choice that consists of not considering higher order approximations in the calculation is motivated by the following result. In the simple case where 20 hedge funds have an equal monthly probability to disappear p(0) = 0.5%, there is 90,5%, 9.1% and 0.4% chance that zero, one or two hedge funds will respectively vanish during the next period. We recall that the probability that k hedge funds amongst n disappear in the next period can be computed from the binomial distribution:
Therefore, more than 99.9% of the combinatory is already explained by the first two order approximations. Allowing for 3 funds to disappear simultaneously (with probability 0.01% in that case) would obviously not change the results significantly, while being about 10 times more computationally intensive. A graphical illustration is displayed in Section VII.B.
Three sets of constraints are studied. In the first case, called weakly constrained, only the budget and short selling constraints apply. In the second case, called mildly constrained, the non-trivial proportion of the portfolio to be held in a single hedge fund moreover belongs to the interval [0.01, 0.1] and the number of funds that are selected is bounded by n min = 20 and n max = 30. In the third case, we further assume that the manager wants to invest specific proportions of wealth into each of the four major strategies and wants to set limits on the number of hedge funds to be held within each strategy 11 . We are thus concerned with the construction of a diversified fund of funds, in contrast to a fund that invests in a specific strategy (a fund of Long and Short Market Hedged funds for example). Without loss of generality, the minimal (maximal) number of funds with non trivial proportions is fixed to 5 (10) out of 15, and each strategy receives 25% of the total allocation. We choose those limits as illustrative of those a fund of hedge funds manager might impose on his diversified portfolio. This third set is called highly constrained in the following. Since the distribution of the hedge funds' returns is empirically estimated over a 4 years' period of monthly realized returns, it must be noted that the maximal number of selected funds n max should not exceed 48. Otherwise, the uniqueness of the optimal solution is not guaranteed.
In genetic algorithms, a population of solutions evolves according to natural selection rules. One needs to supply the algorithm with information regarding the size of the population, the number of generations and the probabilities with which the different genetic operators are applied on the potential solutions. The following inputs yield reliable and robust results and are obtained in reasonable computational time. The population consists of 200 potential solutions that evolve during 2000 generations according to the mechanisms of natural selection described in Section VI. The mutation and crossover probabilities are set at 2% and 5% respectively. We keep record of the best solution ever, i.e. the optimal vector of solutions represented by the vector of proportions w, along with the corresponding certainty equivalent and the cumulative wealth.
For the sake of completeness, we next display the time needed to complete the evolution and the number of mutation and crossover operations applied successively to the optimal solution, for a typical simulation. On a DEC Alpha station with a 400 MHz processor, the time needed to complete a simulation is equal to 120 and 3200 seconds CPU respectively, in the case when the zero and second order approximations are used. As an illustration, with the highly constrained set and under the second approximation, the number of uniform, boundary, non-uniform, permutation and counting mutations applied to the best solution is equal to 872, 1552, 1801, 29 and 10 respectively, while the number of single crossovers is equal to 78.
VII.B Impact of the survival uncertainty
We first compare the optimal certainty equivalents and the optimal allocations of hedge funds' portfolios when the survival uncertainty is either incorporated or excluded from the expected utility model. In that respect, we use the zero, first and second order approximations mentioned above. We present the results for the sample of randomly selected hedge funds. The calculations are carried out for the in-sample sub-period running from May 1994 to April 1998. We use the highly constrained set for the following analysis. Table 5 shows the optimal proportions of capital allocated to the randomly selected hedge funds, computed under the zero order approximation. Similarly, Table 6 reports the optimal proportions computed under the second order approximation. The degree of risk aversion is equal to 2, 8, 14 and 20 in Panel A, B, C and D respectively. The recovery rate a is set at 50% for all funds. The optimal certainty equivalents, denoted by C * are displayed on the top of each panel.
We recall that the zero order approximation is equivalent to model 1, discussed in Section V, which does not take the survival probabilities into account. When the survival uncertainty is included (model 2), we observe that the optimal certainty equivalent is reduced, for a specific degree of risk aversion, as it has already been proved in Section V. As can be seen from direct comparisons between Tables 5 and 6 , the higher the risk aversion, the higher the difference between the optimal certainty equivalents computed under the zero and second order approximations: a slightly and a highly risk averse investors do not perceive the risk related with the survival uncertainty with the same magnitude. For instance, a weakly risk averse investor θ = 2 witnesses his optimal certainty equivalent shifting from 1.0231 to 1.0206 when the hedge funds survival uncertainty is incorporated into the expected utility model. In terms of the monthly "equivalent" return, the absolute (relative) difference is equal to 0.25% (10.8%). In comparison, a highly risk averse investor θ = 20 sees the certainty equivalent diminishing from 1.0190 to 1.0155, that is a 0.35% (18.4%) absolute (relative) return difference. The annualized absolute difference is thus respectively equal to 3.0% and 4.2%. Those figures can be interpreted as the generalized (in-sample) survivorship bias for a given recovery rate of 50%. When the investor does not recover any money invested in a fund that disappears (a = 0%), the annualized absolute difference increases to 4.6% and 10.4% respectively. Consequently, one observes on one hand that decision makers with various degrees of risk aversion evaluate the potential loss incurred by their portfolio differently when hedge funds are vanishing, and on the other hand, that the generalized survivorship bias can amount to about 10% per year if the investor is extremely risk-averse.
We next compare the optimal allocations of the hedge funds' portfolios computed under the zero order approximation (the survival uncertainty is omitted) and the second order (the survival uncertainty is included). For a degree of risk aversion equal to 2, 8, 14 and 20 respectively, we find that 5.9%, 9.0%, 13.1% and 17.8% of the wealth is allocated differently when the survival uncertainty is incorporated into the model, either because the proportions differ or because other funds are selected 12 . We can therefore infer that the survival uncertainty plays a non-negligible role on the optimal investor's allocation. Indeed, a decision maker willing to use an expected utility framework to compute the optimal allocation of his wealth amongst hedge funds will allocate a significant amount of his wealth (up to 17.8%) differently whether he takes into account their survival uncertainty or not.
In Figure 2 , we display the optimal certainty equivalents for a degree of risk aversion that ranges from 0 to 20. On the upper (lower) plot, the computations are carried out with the sample of hedge funds selected randomly (with the Sharpe ratio criterion. For the sake of brevity, we do not display the optimal allocations for the sample of hedge funds selected with the Sharpe ratio criterion. On each plot, the 3 upper curves represent the certainty equivalents when none, a single or two hedge funds are allowed to disappear simultaneously from the portfolio during the next month (zero, first and second order approximations) and when the recovery rate a is set at 50% for all funds. One sees, that those curves are rapidly collapsing to a reference curve, which confirms that the second order approximation is well suited for the expectation's calculation in Eq. (1) . The lower curve is computed under the 2nd order approximation and a recovery rate equal to 0%. We observe that the optimal certainty equivalents are significantly reduced in this latter case.
Finally, note that an investor who does not take into account the hedge funds survival uncertainty and one who does (with the second order approximation) can have similar evaluations of their investment, using the certainty equivalent. For instance, one sees on the upper plot of Figure 2 that the optimal certainty equivalent is (approximately) equal to 1.0206 for those two investors with degrees of risk aversion respectively equal to 10 and 2. Their optimal asset allocations, which are not reported here for the sake of brevity, will however differ by 23.8%. One thus cannot simply increase the degree of risk aversion to take into account the survival uncertainty. Indeed, one sees that the risk due to the returns dynamics and the risk due to the survival uncertainty are different in nature and affect the optimal asset allocation of risk averse investors distinctly. Thus, any ad hoc portfolio adjustment rule to account for survival risk would be misleading in this context.
VII.C The impact of the degree of risk aversion and of the investment constraints
In this section, we examine the impact of the investment constraints on the optimal certainty equivalent and on the optimal allocation of hedge funds' portfolios and discuss the influence of the degree of risk aversion on the portfolios' degree of diversification. We present the results for the sample of randomly selected hedge funds. The calculations are carried out for the in-sample sub-period running from May 1994 to April 1998. We start by investigating the impact of the investment constraints. We recall that the three sets of constraints under investigation, namely weakly, mildly and highly constrained, are described in Section VII.A. All hedge funds have a recovery rate equal to 50%. Figure 3 displays the optimal certainty equivalents for the 3 sets of constraints and a risk aversion coefficient that ranges between 0 and 20. On the upper and lower plot, the computations are carried out with the sample of hedge funds selected randomly and with the Sharpe ratio criterion respectively. This Figure clearly illustrates the extent to which the addition of various constraints reduces the optimal certainty equivalent. The highest difference occurs for a risk neutral investor (θ = 0), for whom the certainty equivalent is respectively equal to 1.0302, 1.0230 and 1.0215, in the case of the randomly selected sample. In comparison, for a highly risk-averse investor (θ = 20), the certainty equivalent shifts more moderately (from 1.0166 to 1.0162 and 1.0155). This is due to a "natural" broader diversification amongst risk averse agents' portfolio holdings. Table 9 , displays the optimal certainty equivalent C * and the annualized cumulative wealth 13 CW of the hedge funds' portfolios. In Panels A (B), we use the sample of hedge funds selected randomly (with the Sharpe ratio criterion). One clearly sees that the integration of the survival uncertainty (from order 0 to order 2) diminishes the optimal certainty equivalent. This is particularly pronounced for a weakly constrained and highly risk averse investor. The cumulative wealth follows the same pattern. As demonstrated in Appendix X.B, we observe that the optimal certainty equivalent is a decreasing function of the degree of risk aversion. Further, adding tighter investment constraints (from weakly to highly constrained ) naturally leads to a decrease of both the optimal certainty equivalent and of the annual cumulative wealth. In addition, we observe that the portfolios consisting of hedge funds drawn with the Sharpe ratio criterion outperform in-sample the portfolio of randomly selected funds, both in terms of their monthly certainty equivalent and in terms of their annual cumulative wealth. The difference in performance between the two samples reduces as the constraints become tighter and as the degree of risk aversion increases.
The optimal allocation weights which correspond to the three sets of constraints are displayed in Tables 8, 7 and 6 respectively. At first glance, one observes in the weakly and mildly constrained cases, that the Long and Short Market Hedged strategy dominates the other strategies in the optimal portfolios, both in terms of the number of selected hedge funds and in terms of the fraction of capital allocated to this strategy. This trend diminishes as the risk aversion increases.
With the weakly constrained space of solutions (see Table 8 ), we observe that the optimal hedge fund portfolio of a slightly risk averse investor (θ = 2) is poorly diversified. He indeed allocates 22.8% of his wealth to a single Tactical Trading fund and 77.2% to three Long and Short Market Hedged funds, with the fund 28 receiving 30.8% of the invested capital (see Panel A of Table 8 for the optimal  weights and Table 2 for the selected hedge funds' monthly in-sample net return statistics). In comparison (see Panel D of Table 8 ), a risk averse decision maker (θ = 20) selects 13 hedge funds and diversifies his portfolio holdings amongst all the major strategies (10.0%, 39.4%, 23.9% and 26.7% respectively). We further examine the diversification within each strategy. First of all, one observes in the mildly and highly constrained sets that the number of selected hedge funds is constantly equal to n min = 20. To measure the role played by the degree of risk aversion in the hedge funds portfolios' diversification, we use those two sets to count the number of funds for which the upper bound (u = 0.10) is binding. When the degree of risk aversion is equal to 2, 8, 14 and 20, the constraint is binding 8, 5, 5 and 3 times out of 20 respectively in the mildly constrained case. They are binding 8, 6, 5 and 4 times for the highly constrained set (see Table 6 ). We recall that 20 hedge funds are selected by the algorithm to enter the portfolios' constructions. Those results show that the portfolio of a highly risk averse agent is more diversified within each specific strategy than the portfolio of a slightly risk averse agent.
For illustrative purposes, we display in Table 10 the net monthly return statistics of the optimal portfolios, computed for the in-sample sub-period. In Panel A and B, the space of solutions is highly constrained ; in Panel C and D, it is weakly constrained. In Panel A and C, the optimal allocations are computed under the second order approximation. The zero order approximation is used in Panel B and D. In each panel, one can observe that the mean return and the standard deviation of the portfolio returns decrease when the degree of risk aversion increases. The Sharpe ratio increases as well, due probably to the larger degree of diversification of the 20 highly risk averse agents' portfolios. The skewness is slightly negative in most of the cases and the kurtosis is not significantly different from zero. Their impact on the optimal expected utility is indeed weaker than the one of the first two moments (as can be seen through a Taylor expansion and as has already been mentioned in numerous studies, see Levy and Markowitz (1979) for example). It is very interesting to observe that the return distribution of the optimal funds of hedge funds is normal, since in each case, the non normality of the portfolio returns cannot be rejected (pvalue=0.50). Concerning the exposure of the portfolios (the beta) to the Russel 2000 Index, we observe first that the betas are significantly different from zero. The large amount of wealth allocated to Long and Short Market Hedged strategies (from 25% to 77.2%) as well as the bullish market during the in-sample sub-period account for the significant value of the linear correlation between all hedge funds' portfolios and the Russel 2000 Index. Secondly, there is a weak downward pattern in the betas observed as the degree of risk aversion increases. This is certainly due to the fact that the portfolios are more diversified, i.e., they contain more market neutral strategies for agents with higher degrees of risk aversion.
VII.D Out-of-sample results
In this section, we discuss the monthly certainty equivalent and the annual cumulative wealth of the hedge funds' portfolios during the out-of-sample period that extends from May 1998 to April 1999. The out-of-sample period extends from May 1998 to April 1999 and therefore covers the turbulent period related to the Asian crisis.
The in-sample optimal portfolio allocation weights w * is used as the allocation's input for the out-of-sample period. The wealth accumulated during the month t is given by n i=1 w * i (1 + r i (t)), where r i (t) is the monthly net return of hedge fund i during month t. The annual cumulative wealth is computed as t n i=1 w * i (1+r i (t)). Further, each month of the out-of-sample period is given an equal weight 1/12 in the computation of the expected utility 14 . We assume that all hedge funds have a recovery rate equal to 50%. Consequently, when a hedge fund disappears during the out-of-sample period, the decision maker will only recover 50% of the money allocated to that fund. For all subsequent months, we assume that the decision maker allocates a proportion of wealth, that corresponds to the proportion he should have allocated to the vanishing fund, to a risk-free asset (with a 5% rate p.a.). The certainty equivalents and the cumulative wealths are displayed in Table 11 .
In a first step, we discuss the sample of randomly selected hedge funds displayed in Panel A. We note that the impact of the type of investment constraints on the certainty equivalent C and on the annual out-of-sample cumulative wealth CW significantly depends on the investor's degree of risk aversion. One sees in the CW column that a risk neutral agent may for example lose about 80% of his initial wealth when he is weakly constrained. Due to a broader diversification, the same agent reduces his loss to about 14% when he is highly constrained. Contrarily, for highly risk averse investors, a tighter set of constraints decreases the certainty equivalent and the cumulative wealth. We further observe a surprising result in the highly constrained case, namely that the certainty equivalent and the annual cumulative wealth have a significant upward tendency when the risk aversion θ increases from 0 to 20. This ex post result may be due to the higher diversification benefit for the highly risk averse agents.
Our main observation refers to the impact of the survival uncertainty on the performance of the asset allocation. In the weakly constrained case, we observe that the second order approximation slightly dominates the zero order when the agent is risk neutral or weakly risk averse (θ = 0 or 2). For higher degrees of risk aversion (θ = 4, . . . , 20) , the out-of-sample annual cumulative wealth is significantly lower when the agent takes into account the survival uncertainty (with the second order approximation), due to a much broader diversification. In the following, we show that it is of primary importance for the agent to introduce the survival uncertainty into the hedge funds' allocation problem when he has a strong diversification's policy. Indeed, in the highly constrained case, we notice that the out-of-sample certainty equivalent and the annual cumulative wealth of the second order approximation systematically dominate the zero order approximation results. As an illustration, the annual cumulative wealth of a risk neutral (θ = 0) investor is equal to 0.863 in the case when he chooses not to consider the survival uncertainty. In case he does, his cumulative wealth is equal to 0.873. For a highly risk averse investor, his wealth at the end of the period shifts from 1.054 to 1.082. This empirical result suggests that a fund of hedge funds manager should compute his optimal portfolio asset allocation with the expected utility model that takes into account the hedge funds survival uncertainty, especially if he has no specific skills for selecting funds with persistent performance. His annual return would indeed increase by an amount of 1% to 2.8% during that period, depending on his risk aversion. To summarize, one observes on one hand that the introduction of tighter investment constraints will mitigate the impact of survival risk, and on the other hand that, the introduction of the survival uncertainty into an expected utility framework and the addition of tight investment constraints offer a good complement to the due diligence process in the absence of any a priori skills in detecting surviving funds.
For the sake of completeness, we finally display in Panel B of Table 11 the results for the sample of hedge funds selected with the Sharpe ratio criterion. As it is the case for the random sample, one sees that the addition of tighter (from weakly to highly) constraints diminishes in most cases the certainty equivalent and the cumulative wealth. In the weakly constrained case, and contrary to the random sample, the cumulative wealth increases as a highly risk averse agent (θ = 14, . . . , 20) takes the survival uncertainty into account. In the highly constrained case, the difference between the zero and the second order approximation is negligible. This is not surprising given the fact that the proportion of wealth allocated to funds that vanish during the out-of-sample period is negligible. We further notice that the portfolios of hedge funds selected with the Sharpe ratio outperform the portfolios of randomly selected hedge funds. Under the second order approximation, the portfolio's annual cumulative wealth ranges from 0.873 (θ = 0) to 1.082 (θ = 20) in the case when the hedge funds are randomly selected, whereas when the funds are selected with the Sharpe ratio criterion, the portfolio's annual cumulative wealth spreads from 1.161 to 1.152. The latter performance of the Sharpe ratio as a selection criterion should not however be overestimated and generalized based on this single out-of-sample period outcome. Moreover, we observe that about 25% of the selected hedge funds are not normally distributed (5 out of 20 when θ = 2 and 6 out of 20 when θ = 8, 14 and 20), which tends to support the conjecture that the use of the Sharpe ratio is internally inconsistent.
It is finally instructive to compare the random hedge funds' portfolios performance with that of a representative index of the hedge fund's industry. We construct an index which is equally weighted between the four FRM hedge fund indices 15 that correspond to the four major strategies described in Section III. The annual cumulative wealth of this equally weighted hedge funds index, which does not take into account the survivorship bias, is equal to 1.071. Considering the random sample, during the out-of-sample period that extends from May 1998 to April 1999, only the most risk averse highly constrained agents (θ = 18, 20) outperform the global hedge funds' index when survival risk is accounted for.
VIII Extensions
This work can be extended in several directions. First, instead of constructing pure hedge funds' portfolios, the manager may want to invest only part of his wealth amongst hedge funds and the rest in a risk-free rate asset. He may choose either to invest a pre-specified proportion in the risk-free asset or let the algorithm decide of the optimal proportions. In the latter situation, we have observed that money is never allocated to the risk-free asset for a reasonable degree of risk aversion (at least up to θ = 100). This is due to the fact that the selected hedge funds have performed well during the period from May 1994 until April 1998 and that we use their historical returns to compute the expected utility in Eq. (1) . Secondly, instead of estimating the joint distribution from the past realized returns, one may choose to model the hedge funds returns distributions. One may think of EVT (for an extreme value theory survey, see Embrechts, Klüppelberg and Mikosch (1997) for example) to model accurately the tails of the distributions. In this case, one could increase the minimal number of selected hedge funds, as the limitation due to the collinearity in the hedge funds returns could be attenuated. Third, one may relax the assumption on the independence between the hedge fund returns and their survival probability and introduce dependencies. In this situation, the general form of the expected utility model can be written as follows:
where f (r 1 , p(s 1 ); . . . ; r n , p(s n )) denotes the joint probability distribution of the returns and the survival probabilities. The theoretical results obtained in Eq.(3) and in Appendix X.B are still valid. However, to compute the optimal portfolio weights, one needs to parameterize the joint probability distribution, which might be a rather complex function. Fourth, although the present paper has focused on fixed recovery rates a i , i = 1, . . . , n, one might introduce stochastic recovery rates (with a beta distribution, for example), at the expense of a larger computational time.
Finally, genetic algorithms do not use auxiliary knowledge, such as the first derivative of the objective function, to direct the search in the space of solutions. 23
For this particular reason they are very flexible, i.e., once the algorithm has been designed, it can be applied to handle a broad spectrum of objective functions. The fund of hedge funds manager may choose to optimize his own objective function rather than managing the hedge funds' portfolio to optimize his clients' expected utility. For instance, he could choose to maximize his expected incentive fee. Such an objective function that explicitly accounts for the agency costs of delegated portfolio management can also be cast in our framework.
IX Conclusion
In this article, we investigate a hedge funds allocation problem, that considers the fact that the managers may suddenly decide to cease their activities after they experience a distressing situation from which they usually do not recover.
In a first stage we compute the hedge funds survival probabilities conditioned on three determinants, namely the size of their assets under management, their style consistency and their beta coefficient. We next propose an expected utility framework to determine the optimal asset allocation under the survival uncertainty of the hedge funds.
The introduction of various investment constraints, prescribed by investors, by the fund of funds policy or by regulators, complicates the resolution of the allocation problem. It is handled with a specific genetic algorithm. The genetic algorithm imitates the mechanism of natural evolution and is well adapted to find optimal solutions when the set of investment constraints is non-linear, the space of solutions is not connected and the objective functions is not convex.
We apply the genetic algorithm to illustrative hedge funds optimal allocation problems. We examine the impact of i) the survival uncertainty, ii) the investment constraints and iii) the degree of risk aversion on the optimal certainty equivalent and on the optimal allocation of hedge funds' portfolios. We demonstrate that the optimal certainty equivalent decreases when the survival uncertainty is incorporated into the expected utility model. Moreover, we show that the optimal certainty equivalent is a decreasing function of the risk aversion and is an increasing function of the recovery rate.
In our simulations, we observe that a manager allocates between 6% and 18% of his wealth differently when he does or does not take into account the hedge funds survival uncertainty, depending on his risk aversion. One therefore sees that the survival uncertainty significantly influences the optimal allocation decision. When relaxing the investment constraints and/or diminishing the degree of risk aversion, we further observe a significant increase of the optimal certainty equivalent, at the cost of loosing a broad diversification inside and amongst the different major strategies.
Finally, an out-of-sample analysis suggests that an investor can mitigate the consequences of the hedge funds' survival risk by introducing tight investment constraints when solving for the optimal allocation problem.
X Appendix X.A Survival probabilities with the "loglogistic" model
In this section, we describe the procedure used to compute the hedge funds' survival probabilities. Let t be the random failure time, that is the number of months the fund has survived. With the change of variable u = (ln t − ξ)/ς, where ξ is a location parameter and ς a scale factor, the loglogistic probability distribution of the failure time can be written:
(1 + e −u ) 2 . Hence, the survival distribution is:
(1 + e −u ) .
The probability that the fund disappears in the next period, given that it has survived during t months, is defined by the hazard rate function:
The fitting parameters ξ and ς are estimated for each of the eight groups described in Section III. The estimatesξ andς are displayed in Table 4 . To compute the monthly conditional survival probability of a hedge fund, one simply needs: i) to select the appropriate group and the corresponding parameters (ξ,ς) and ii) to substitute the parameters and the age t of the fund into Eq.(4).
X.B Complementary calculations
The main results of this section are presented within two propositions. The objective is to demonstrate that the optimal certainty equivalent is a decreasing function of the risk aversion θ and an increasing function of the recovery rate a. We start showing that the utility u θ (x) =
is a decreasing function of the parameter θ. The derivative gives:
+ . By the change in variable y = x 1−θ , the inequality becomes y ln y ≥ y − 1 which is always satisfied for y ≥ 0. Therefore
+ . Similarly, one shows that
In a second step, we demonstrate that the certainty equivalent C θ is a decreasing function of θ. By definition
The two previous results lead to :
In the second Proposition, we are concerned with the dependence of the optimal certainty equivalent C * on the recovery rate a, for a specific degree of risk aversion.
Proposition 3. The optimal certainty equivalent is an increasing function of the recovery rate a.
Proof. For notational convenience, we write u a ( w) the utility function for a given vector of proportions w and a specific recovery rate a. Suppose that a 2 (i) ≥ a 1 (i), ∀i = 1, . . . , n and that the proportions that maximize the expected utility are given by w * 2 and w * 1 respectively. Because, the utility function is increasing: u a 2 ( w) ≥ u a 1 ( w).
Following the lines of Proposition 2, one gets IE
In this Appendix, we have therefore demonstrated that the optimal certainty equivalent is a decreasing function of the risk aversion θ and an increasing function of the recovery rate a.
X.C Algorithm description
In this section, we present in detail the different components of the genetic algorithm that is used to solve for the optimal portfolio selection problem. We recall first that a chromosome is a coding sequence which represents a potential solution of the problem. In our case, a chromosome is a vector that consists of the proportion held in each hedge fund. It is thus a potential solution of the portfolio allocation problem. The number of chromosomes that form the population is equal to size. We denote by D the space of solutions. The algorithm is especially designed to handle the three type of constrained mentioned in Section VI.B. In the following, we describe 26 the initialization procedures, the mutation and crossover operators and the selection scheme. Those blocks, which mimic the mechanisms of natural evolution, form the genetic algorithm. We denote by w π i = (w iπ (1) , . . . , w iπ(n) ) the vector of proportions resulting from a random permutation π applied on the candidate w i = (w i1 , . . . , w in ). The notation w ij ∈ [a j , b j ] means that the jth proportion of the ith solution is randomly and uniformly chosen between a j and b j . Finally, the lower and the upper limits are denoted by l and u respectively.
X.C.1 Population initialization
We build to types of chromosomes to initiate the population. One that comes from the bulk of the solution space D and the other one that is built on its boundary. First, an integer m i is randomly chosen between n min and n max for each chromosome i, ∀i = 1, . . . , n. It represents the number of proportions that are different from zero. The proportions are next computed using either one of the following initialization procedures (with equal probability):
1. A "bulk" chromosome i is built step by step, starting with the computation of the first proportion and ending with the last one. ) and
Notice that a random permutation is applied on the initial proportions in order to build stochastic solutions that are uniformly distributed in the domain D. Both constructions ensure that the budget constraint n j=1 w ij = 1, ∀i = 1, . . . , n is satisfied, that the proportions lie within the permitted range [l, u] and that the number of non trivial proportions belongs to [n min , n max ]. To sum up, all initial chromosomes belong to the space of solution D. They are thus potential solutions of the constrained optimization problem. We will see in the next paragraphs that the genetic operators applied on the population are precisely designed to preserve the solutions feasibility during the entire evolution process. Therefore, there is no need to build any additional repair algorithms or to add penalty functions to the objective function, in order to correct or to exclude the candidates that would not belong to the constrained space of solutions. 27
X.C.2 Mutation operators
The mutation operators play an important role in the early phases of the evolution process as the solutions are allowed to move "freely" within the search space. A steady feature of mutation operators is that they modify one solution at a time. The first three mutations we consider 16 randomly alter two proportions, say at location k and l, of a single potential solution i.
1. Under "uniform" mutation, w i becomes w i , where
2. The "boundary" mutation transfers w ik on the boundary of D such that w ik is either equal to max (l, 1 − n j =k,l w ij − u) or min (1 − n j =k,l w ij − l, u) with equal probability.
3. The "non-uniform" mutation is a dynamical operator which is responsible for the fine tuning capabilities of the system. With equal probability, the proportion w ik becomes either
The function ∆(t, y) returns a value in the range [0, y] such that the probability of ∆(t, y) being close to zero increases as t increases. We have used the function ∆(t, y) = y · 1 − r (1−t/T ) , where r is a random number from U [0, 1], T is the maximal number of generation and b is a parameter that determines the rate of convergence of ∆(t, y) to zero.
To ensure that the first constraint is satisfied, the second proportion w il is modified according to the rule w il = 1 − n j =k,l w ij − w ik . The second type of mutation operator we consider is a permutation one. 4. The "permutation" mutation exchanges a proportion w ik that is non trivial at location k with a trivial one at location l. That is w ik = w il and w il = w ik .
The last mutation operator acts on the number m i of selected hedge funds with a non trivial proportion, by increasing or decreasing m i by one unit.
5. The "counting" mutation adds or subtracts by one the number of proportions different from zero in a chromosome. In that respect, an integer parameter n sel is first chosen to represent a potential ideal number of non trivial proportions. The probability p(m i → m i − 1) for a chromosome to witness the number of non trivial proportions to be diminished by one is defined by
to conserve probability. Once a chromosome is selected to undergo that type of mutation, it has probability p(m i → m i ± 1) to increase (or decrease) its number of proportions different 28 from zero. In order to meet the budget and the range constraints, the following rules are observed. In case m i → m i − 1, a non zero proportion is randomly chosen and its value randomly distributed amongst as many proportions (whose values are not zero) as necessary. In case m i → m i + 1, a trivial proportion is selected and is given a value in [max(l, 1 − mu), min(u, 1 − ml)]. This additional amount is subtracted from as many other proportions (whose values are not zero) as necessary.
X.C.3 Crossover operators
The crossover combines the features of two parent chromosomes to form two offsprings by exchanging some of their coding sequences. The intuition behind crossover is the exchange of information between different potential solutions. The explanatory power of the search is largely due to the crossover operator, since it gives rise to the vast majority of new solutions. We present a crossover operator that does not alter the number of non trivial proportions of the two breeding parents. In the following, all proportions under consideration (at least two) are simultaneously non trivial for both parents.
1. Under "single" crossover 17 , w i , w i become w i and w i respectively, where
The mixing coefficient a must belong to the interval [a min , a max ] in order for w ik , w i k , w il and w i l to meet the second constraint. To compute the limits of this interval, we define:
we find that a must fulfill:
2. The "spread" crossover is a mere generalization of the "single" crossover where an offspring proportion is function of more than two parent proportions. For the sake of brevity, it is not detailed here.
X.C.4 Selection Process
The selective pressure of the environment on a new population is based on a method called tournament selection. Two chromosomes are randomly selected and the one with the highest valuation of the objective function (or fitness) survives the next generation. This process is repeated size number of times at each step to keep constant the size of the population in the course of the evolution. Note on one hand that the fittest chromosomes have a higher probability to survive and on the other hand that they may appear several times in the new population. Therefore, the average fitness of the new population is generally larger than the average fitness of the former.
Notes
1 According to Nicholas (1999) , in the hedge fund industry, the minimal capital investment ranges from $100'000 to $5 million and normally falls within the $500,000 to $1 million range.
2 NP-complete stands for Nondeterministic Polynomial time complete. Which means that in general, the number of steps required to generate potential solutions until the appropriate solution can be verified in polynomial time, is an exponential function of the size of the problem.
3 One can show that the hyperplane's surface, defined by the constraint n i=1 w i = 1, in the unit-hypercube of dimension n decreases very rapidly like √ n (n−1)! . 4 It must be noted that our database does not explicitly provide information on the reasons why reporting ends. As in Barès, Gibson and Gyger (2001) , we use a monthly average Sharpe ratio cut-off over respectively the last and the last two years of activity. If either one or both of these ratios are inferior to 0.2, we assume that the manager has ceased his activity due to a lack of performance.
5 To build a fund of hedge funds portfolio, a manager does not only rely upon past performance measurements to select the funds he wants to invest in, but he usually defines his investment objectives, selects the suitable strategies and evaluates hedge funds through thorough due diligence processes to finally select the appropriate hedge funds that may fulfill all his objectives. 6 In case we do not consider the size of assets under management as a selection criterion, we find that 286 out of 440 funds are normally distributed.
7 This window width of 36 months is the usual compromise between two mutually exclusive requirements: the selection of a great number of managers and the display of relevant statistical estimates.
8 Note that the logarithm case θ = 1 is a limiting case since lim θ→1
12 To compute the allocation difference between the two models, we sum the absolute value of the difference between all the hedge funds proportions and then divide the result by two. Using the same procedure in the case when we consider the mildly set of constraints, one finds that 2.0%, 4.7%, 9.2% and 10.7% of the wealth is allocated differently when the survival uncertainty is incorporated into the model. For the sake of brevity, we do not display the optimal allocation for the mildly constrained case under the zero order approximation 13 To compute the annualized cumulative wealth under the second order approximation, we first compute the monthly average of the average wealth given by:
, and then annualize it. This procedure enables us to take into account the survival uncertainty of the hedge funds in the calculation of the cumulative wealth.
14 The survival probabilities computed at the end of April 1998 are used for the calculation of the out-of-sample certainty equivalent during the entire period. in Panel A the total number of funds, the number of funds alive in April 1999 and the assets under management until April 1999. In Panel C, the mean returns, the medians, the standard deviations, the minimum and maximum monthly returns for each of the 6 major FRM investment styles from May 1990 to April 1999. In parentheses the number of managers who report the data. The monthly returns are provided by FRM or computed from the net asset value (NAV) of the funds. Financial Risk Management is an independent research-based investment services company, specializing in constructing portfolios of hedge funds to achieve absolute return investment objectives (http://www.frmhedge.com). FRM has developed proprietary databases, processes and systems for fund identification and evaluation, for portfolio construction, and for monitoring funds and portfolios. As an investor, FRM gains information and performance data from many funds that do not provide this type of information to many of the publicly available databases. FRM's hedge fund database currently contains data on about 3000 funds managed by more than 1500 management groups. FRM's hedge fund database stores extensive information for each manager, including detailed strategy description, historical performance and due diligence reports. 1998 -April 1999 . We test the normality of the hedge funds returns using a Kolmogorov-Smirnov test. The corresponding p-value is shown along with rejection of the null hypothesis at 90% ( o ), 95% (*) and 99% (**) confidence level. Note that the Dallal-Wilkinson approximation, used to calculate the p-value is most accurate for p-value inferior to 0.10. P-values greater than 0.10 are set at 0.50. The age of the hedge funds is displayed in the age column. The survival is conditioned on three determinants: the size of assets under management (size), the style consistency of the manager (consistency) and the exposure to the Russel 2000 market index (beta). The funds are classified in two different groups (1/0) depending on whether they are above or under the median of the variables of interest. We show the probability for hedge funds to disappear in the next month given that they have survived during age months. γ m is the probability for the hedge funds to disappear in the next month given that they have survived during months; Sharpe ratio criterion to enter the fund of funds' portfolio. They are alive in April 1998, have at least a 48 months' performance track record and 50$ million under management. Each major strategy is equally represented in the sample, that is either Tactical Trading (T.T.), Long-Short Market Hedged (L.S.), Event Driven (E.V.) or Relative Value (R.V.). The mean of the net monthly returns, the standard deviation, the Sharpe ratio (assuming a risk-free rate of 5% p.a.), the skewness and the kurtosis are computed in-sample from May 1994 to April 1998. A dagger aside the identification number means that the fund disappear during the next year (May 1998 -April 1999 . We test the normality of the hedge funds returns using a Kolmogorov-Smirnov test. The corresponding p-value is shown along with rejection of the null hypothesis at 90% ( o ), 95% (*) and 99% (**) confidence level. Note that the Dallal-Wilkinson approximation, used to calculate the p-value is most accurate for p-value inferior to 0.10. P-values greater than 0.10 are set at 0.50. The age of the hedge funds is displayed in the age column. The survival is conditioned on three determinants : the size of assets under management (size), the style consistency of the manager (consistency) and the exposure to the Russel 2000 market index (beta). The funds are classified in two different groups (1/0) depending on whether they are above or under the median of the variables of interest. We show the probability for hedge funds to disappear in the next month given that they have survived during age months. γ m is the probability for the hedge funds to disappear in the next month given that they have survived during months; γ a = 1 − [1 − γ m ] 11 stands for the annualized probability to disappear. Table shows the optimal proportions of capital allocated to the randomly selected hedge funds, computed in-sample from May 1994 to April 1998 with the zero order approximation. We only report hedge funds with non trivial proportions. In the odd columns, the selected hedge funds are labeled along with their strategy in parentheses.
Panel
The optimal proportions are shown in the adjacent columns. In Panel A to D, the degree of risk aversion is equal to 2, 8, 14 and 20 respectively. The recovery rate is set at 50% for all funds. The number of hedge funds that can be selected in each strategy ranges from 5 to 10. The minimal and maximal proportion that can be held in a single hedge fund are set at 1% and 10% respectively. Each strategy is equally weighted in the optimal portfolio and is given 25% of the total allocation. This set of constraints is called highly constrained.
The total optimal proportion for each strategy and the optimal certainty equivalents are displayed on top of each panel. Table 6 : This Table shows the optimal proportions of capital allocated to the randomly selected hedge funds, computed in-sample from May 1994 to April 1998 with the second order approximation. We only report hedge funds with non trivial proportions. In the odd columns, the selected hedge funds are labeled along with their strategy in parentheses.
The total optimal proportion for each strategy and the optimal certainty equivalents are displayed on top of each panel. Table shows the optimal proportions of capital allocated to the randomly selected hedge funds, computed in-sample from May 1994 to April 1998 with the second order approximation. We only report hedge funds with non trivial proportions. In the odd columns, the selected hedge funds are labeled along with their strategy in parentheses.
The optimal proportions are shown in the adjacent columns. In Panel A to D, the degree of risk aversion is equal to 2, 8, 14 and 20 respectively. The recovery rate is set at 50% for all funds. The proportion that can be held in a single hedge fund belongs to [0.01, 0.1], between 20 and 30 funds can be selected. We do not impose a condition on the proportions to be held in each strategy. This set of constraints is called mildly constrained. The total optimal proportion for each strategy and the optimal certainty equivalents are displayed on top of each panel. Table 9 : This Table displays the optimal certainty equivalent (C * ) and the annualized cumulative wealth (CW) of the optimal hedge funds' portfolios, computed during the insample period from May 1994 to April 1998, with the highly and weakly constrained sets, respectively. The in-sample period extends from May 1994 to April 1998. The annualized cumulative wealth is equal to the cumulative wealth during the entire period to the power 1/4. The initial wealth is set at 1. In Panel A, we use the randomly selected sample of hedge fund; in Panel B, we use the sample based on the Sharpe ratio criterion. The zero and second approximations are investigated. The recovery rate is set at 50%.
Panel Table shows the net monthly return statistics of the optimal randomly selected hedge fund portfolios, computed in-sample from May 1994 to April 1998. The recovery rate is set at 50% for all hedge funds and the degree of risk aversion θ is equal to 2,8,14 and 20. In Panel A and B, the set of solutions is highly constrained ; in Panel C and D, it is weakly constrained ; in Panel A and C the optimal allocations are computed under the second order approximation. The zero order approximation is used in Panel B and D. We compute the mean, the median, the standard deviation, the Sharpe ratio (we assume a risk-free rate of 5% p.a.), the skewness, the kurtosis, the minimal and maximal observations. We test the normality of the hedge funds' portfolio returns using a Kolmogorov-Smirnov test. The corresponding p-value is displayed. The exposure of the portfolio (the beta) to the Russel 2000 Index is displayed in the last row. Table displays the certainty equivalent (C) and the annualized cumulative wealth (CW ) of the hedge funds' portfolios, computed during the out-of-sample period from May 1998 to April 1999, with the highly and weakly constrained set, respectively. The initial wealth is set at 1. In Panel A, we use the randomly selected sample of hedge fund; in Panel B, we use the sample based on the Sharpe ratio criterion. The zero and second approximations are investigated. The recovery rate is set at 50%.
Panel A (Random sample)
Highly constrained Weakly constrained Order 0
Order 2 Figure 2: This figure displays the optimal certainty equivalents C * for different degrees of risk aversion θ that go from 0 (risk-neutral) to 20 (risk-averse), computed during the in sample period from May 1994 to April 1998, with the highly constrained set. On the upper plot we use the random sample of hedge funds. On the lower plot, we use the second sample of hedge funds selected with the Sharpe ratio criterion. On each plot, the 3 upper curves represent the certainty equivalent when none, a single and two hedge funds are allowed to disappear simultaneously from the portfolio during the next month (order 0, 1 and 2 approximation respectively) and when the recovery rate a is set at 50%. The lower curve is computed under the 2nd order approximation and a recovery rate a equal to 0%. Degree of risk aversion Figure 3 : This figure displays the in-sample computations of the optimal certainty equivalents C * for different degrees of risk aversion θ that go from 0 (risk-neutral) to 20 (risk-averse), with the second order approximation . On the upper plot we use the random sample of hedge funds. On the lower plot, we use the second sample of hedge funds selected with the Sharpe ratio criterion. On each plot, the certainty equivalents are obtained using 3 type of constraints. On top, the budget and short selling constraints apply. In the middle, the proportions have to belong to the interval [0.01, 0.1] and the number of funds that are selected is equal to 20. In addition, for the lower curve, each of the four major strategy is equally weighted in the portfolio and receives 25% of the total allocation. Those 3 sets of constraints are labeled "Weakly", "Fairly" and "Highly constrained" on the plots.
